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Abstract
For a locally compact groupG and a compact subgroupH , we show that the Banach space
M(G/H) may be considered as a quotient space of M(G). Also, we define a convolution on
M(G/H) which makes it into a Banach algebra. It may be identified with a closed subalgebra
of the involutive Banach algebra M(G), and there is no involution on M(G/H) compatible
with this identification unless H is a normal subgroup of G. In other words, M(G/H) is a
∗-Banach subalgebra of M(G) only if H is a normal subgroup of G. As well, it is a unital
Banach algebra just when H is a normal subgroup. Furthermore, when G/H is attached to
a strongly quasi-invariant measure, L1(G/H) is a Banach subspace of M(G/H). Using the
restriction of the convolution onM(G/H), we obtain a Banach algebra L1(G/H), which may
be considered as a Banach subalgebra of L1(G), with a right approximate identity. It has no
involution and no left approximate identity except for a normal subgroup H . Consequently,
the Banach algebra L1(G/H) is amenable if and only if H is a normal subgroup and G is
amenable.
1 Preliminaries
For a locally compact Hausdorff space X, we denote the space of all continuous complex-valued
functions on X that vanishes at infinity by C0(X), the subspace of C0(X) consists of all functions
with compact supports by Cc(X), and the Banach space of all complex regular Borel measure
on X by M(X). When µ is a Radon measure on X, for all 1 ≤ p < +∞, (Lp(X,µ), ‖.‖p) stands
for the Banach space of the equivalence classes of all µ -measurable complex-valued functions on
X whose p th powers are integrable with
‖f‖p = (
∫
X
|f(x)|p dµ(x))1/p (f ∈ Lp(X,µ)).
Also, by (L∞(X,µ), ‖.‖∞) we mean the Banach space of all equivalence classes of locally essen-
tially bounded µ -measurable complex-valued functions on X with the usual norm ‖.‖∞. When ν
2Keywords. Homogeneous space, strongly quasi–invariant measure, Banach algebra, measure algebra, involu-
tion, bounded approximate identity.
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is a Radon measure on X and f ∈ L1(X, ν), we mean by νf the Radon measure on X satisfying
dνf (x) = f(x) dν(x).
Throughout, we suppose that G is a locally compact group with neutral element e, left
Haar measure λG, and modular function ∆G. Also, H is a closed subgroup of G with left Haar
measure λH and modular function ∆H and q : G −→ G/H is the canonical projection. The
quotient space G/H is considered as a homogeneous space that G acts on it from the left, by
x(yH) = (xy)H.
When µ is a Radon measure on G/H, for all x ∈ G, the translation µx of µ is defined by
µx(E) = µ(xE), where E is a Borel subset of G/H. A measure µ is said to be G-invariant
if µx = µ for all x ∈ G, and is said to be strongly quasi–invariant provided that a continuous
function λ : G×G/H −→ (0,+∞) exists which satisfies
dµx(yH) = λ(x, yH) dµ(yH) (x, y ∈ G).
Also, a rho-function for the pair (G,H) is a continuous function ρ : G −→ (0,+∞) with
ρ(xξ) =
∆H(ξ)
∆G(ξ)
ρ(x) (x ∈ G, ξ ∈ H).
We should mention that (G,H) always admits a rho-function and for a given rho-function ρ,
there exists a strongly quasi–invariant measure µ on G/H such that the Weil’s formula holds:
∫
G
f(x) ρ(x) dλG(x) =
∫
G/H
∫
H
f(xξ) dλH(ξ) dµ(xH) (f ∈ Cc(G)). (1.1)
In addition, all strongly quasi–invariant measures on G/H arise from rho-functions as (1.1), and
all these measures are strongly equivalent. Specially, if µ is a strongly quasi–invariant measure,
then so are its translations and
dµx
dµ
(yH) =
ρ(xy)
ρ(y)
(x, y ∈ G).
(For details see [2, Subsection 2.6]).
Moreover, if µ is the strongly quasi–invariant measure on G/H which arises from a rho-
function ρ and L1(G/H) = L1(G/H,µ), then the mapping Tρ : L
1(G) 7→ L1(G/H) defined
by
Tρf(xH) =
∫
H
f(xξ)
ρ(xξ)
dλH(ξ) (µ− almost all xH ∈
G
H
) (1.2)
is a surjective bounded linear map with ‖Tρ‖ ≤ 1 and
∫
G/H
Tρf(xH) dµ(xH) =
∫
G
f(x) dλG(x) (f ∈ L
1(G)).
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More precisely, for all ϕ ∈ L1(G/H) there exists some f ∈ L1(G) such that ϕ = Tρf and such
that f ≥ 0 almost everywhere if ϕ ≥ 0 µ -almost everywhere. Also,
‖ϕ‖1 = inf{‖f‖1 : f ∈ L
1(G), ϕ = Tρf} (1.3)
for all ϕ ∈ L1(G/H) and
‖ϕ‖1 = inf{‖f‖1 : f ∈ Cc(G), ϕ = Tρf}, (1.4)
where ϕ ∈ Cc(G/H). It follows that the Banach space L
1(G/H) is isometrically isomorphic to
the quotient space L1(G)/Ker(Tρ) equipped with the usual quotient norm (For more details see
[4, Subsection 3.4]). Obviously, the function Tρ is dependent on the choice ρ and when there is
no ambition we use notation T instead of Tρ.
When H is a closed subgroup of G and µ is a strongly quasi-invariant Radon measure on
G/H, we may define the left translation of some ϕ ∈ L1(G/H), by an element x of G, by
Lxϕ = T (Lxf), where f ∈ L
1(G) and ϕ = Tf . In other words, we have
Lxϕ(yH) = λ(x
−1, yH)ϕ(x−1yH) (µ − almost all yH ∈ G/H) (1.5)
Also, for all ϕ ∈ L∞(G/H) we may define
Lxϕ(yH) = ϕ(x
−1yH) (µ − locally almost all yH ∈ G/H) (1.6)
A function ϕ on G/H is said to be left uniformly continuous if for all ε > 0 there exists a
neighborhood U of e such that for all x ∈ U and y ∈ G, we have |ϕ(xyH) − ϕ(yH)| < ε. We
denote the set of all bounded left uniformly continuous functions of G/H by LUC(G/H,G).
Therefore, we get C0(G/H) ⊆ LUC(G/H,G). Moreover, the homomorphism G → B(L
1(G)),
x 7→ Lx, is continuous with respect to the strong operator topology on B(L
1(G/H)). Also, for
all ϕ ∈ L∞(G/H), the mapping x 7→ Lxϕ is continuous only if ϕ is left uniformly continuous.
Now, suppose that H is a compact subgroup of G. It is easy to check that for all
ϕ ∈ C0(G/H), ϕoq ∈ C0(G) and it is constant on the left cosets of H. On the other hand, if
f ∈ C0(G), then T∞f ∈ C0(G/H) where T∞f(xH) =
∫
H f(xξ) dλH(ξ), x ∈ G. Moreover,
T∞ : C0(G) → C0(G/H), f 7→ T∞f is a norm decreasing linear map between Banach spaces
C0(G) and C0(G/H). Assume that
C0(G : H) = {f ∈ C0(G) : f(xh) = f(x), x ∈ G, h ∈ H}.
One may easily check that C0(G : H) is a Banach subalgebra of (C0(G), ‖.‖sup) and the restriction
of T∞ to C0(G : H) determines an isometry isomorphism between Banach spaces C0(G : H) and
C0(G/H). Also, for all ϕ ∈ L
1(G/H) and x ∈ G we mean by the right translation of ϕ by x in
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L1(G/H), the element Rxϕ of L
1(G/H) which is determined by Rxϕ = T (Rxϕρ). Likewise, for
all ϕ ∈ L∞(G/H) and x ∈ G we define Rxϕ ∈ L
∞(G/H) by
Rxϕ(yH) =
∫
H
ϕ(yξxH) dλH(ξ) (µ− locally almost all yH ∈ G/H). (1.7)
Then Rx : L
1(G/H) → L1(G/H), ϕ 7→ Rxϕ is a bounded linear operator whose adjoint is
∆G(x)
−1Rx−1 : L
∞(G/H) → L∞(G/H). Moreover, the mapping G→ B(L1(G)), x 7→ Rx is a
continuous homomorphism with respect to the strong operator topology on B(L1(G/H)). But
the mapping R : G → L∞(G), x 7→ Rxϕ is not necessarily continuous where ϕ ∈ L
∞(G/H).
We mean by a bounded right uniformly continuous function on G/H, a bounded continuous
function for which the mapping G→ L∞(G/H), x 7→ Rxϕ is continuous. We denote the set of
all bounded right uniformly continuous function G/H by RUC(G/H,G). Then RUC(G/H,G)
is a Banach subspace of Cb(G/H), with resect to ‖.‖sup, containing C0(G/H).
2 M(G/H) as a Banach Left M(G)-Module
Reiter and Stegeman have remarked in [4] that for all closed subgroups H of G, one may define
a norm decreasing linear map as follow:

T˜ :M(G)→M(G/H)
T˜m(E) = m(q−1(E))
for all Borel subsets E of G/H and m ∈M(G). In other words,
∫
G/H
ϕ(xH) dT˜m(xH) =
∫
G
ϕ(xH) dm(x) (ϕ ∈ C0(G/H)) (2.1)
Becides, when µ is a strongly quasi-invariant measure on G/H, T˜ is an extension of
T : L1(G) → L1(G/H,µ) defined by (1.2) (For details see [4, Subsection 3.4]). Therefore,
by using the kernel of T˜ , one may consider M(G/H) as a quotient of the Banach space M(G).
Example 2.1. Let G be a locally compact group.
(a) We know that λG ∈M(G) just when G is compact. In this case, every closed subgroup
H of G is compact and has a normalized Haar measure λH . If µ is the invariant measure
on G/H arising from the constant rho-function ρ = 1, then T˜ λG = µ.
(b) For all x ∈ G, T˜ (δx) = δxH .
(c) Let µ be a strongly quasi–invariant measure on G/H. For all f ∈ L1(G), we have
T˜λf = µTf .
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Remark 2.2. Part (c) of Example 2.1 states that when m is absolutely continuous with respect
to the left Haar measure λ on G and dm(x) = f(x) dλG(x), f ∈ L
1(G), then T˜m is absolutely
continuous with respect to µ and dT˜m(xH) = Tf(xH) dµ(xH). Generally, we can say the
transform T˜ :M(G)→M(G/H) preserves absolute continuity, i.e.; if m1,m2 ∈M(G) are such
that m1 ≪ m2, then T˜m1 ≪ T˜m2. Since if E is a Borel subset of G/H and T˜m2(E) = 0, then
m2(q
−1(E)) = T˜m2(E) = 0 and so T˜m1(E) = m1(q
−1(E)) = 0.
Using the left action of G on G/H, we may define a left action of M(G) on M(G/H) as
follows:
For all m ∈M(G) and ν ∈M(G/H) define m ⋆ ν ∈M(G/H) by
m ⋆ ν(ϕ) =
∫
G/H
∫
G
ϕ(yxH) dm(y) dν(xH) (ϕ ∈ C0(
G
H
)) (2.2)
This action makes M(G/H) into a Banach left M(G)-module.
From another point of view, this action obtained by a transferring of the convolution of
M(G) via T˜ . In details, for all m ∈ M(G) and ν ∈ M(G/H), m ⋆ ν = T˜ (m ∗ m0), where
m0 ∈ M(G) is such that ν = T˜ (m0). To show this, we need the following proposition and the
obvious fact that T˜ (m ∗m0) is independent of the choice m0 with T˜ (m0) = ν.
Proposition 2.3. For all m1,m2 ∈M(G), T˜ (m1 ∗m2) = m1 ⋆ T˜m2.
Proof. For all m1,m2 ∈M(G) and ϕ ∈ C0(G/H),
∫
G/H
ϕ(xH) dT˜ (m1 ∗m2)(xH) =
∫
G
ϕ(xH) d(m1 ∗m2)(x)
=
∫
G
∫
G
ϕ(xyH) dm1(x) dm2(y)
=
∫
G/H
∫
G
ϕ(xyH) dm1(x) d(T˜m2)(yH)
=
∫
G/H
ϕ(xH) d(m1 ⋆ T˜m2)(xH),
for µ-almost all yH ∈ G/H.
3 M(G/H) as a Closed Subspace of M(G)
From now on, we suppose that H is a compact subgroup of G. We aim to prove that, in this
case, M(G/H) is isometrically isomorphic to a specific closed subspace of M(G). Besides, it is
identified with the dual of a closed subalgebra of C0(G).
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Recall that by taking some x ∈ G and f ∈ C0(G), we obtain two functions fx, xf ∈ C0(G),
defined by fx(y) = f(yx) and xf(y) = f(xy), and the mappings follow are separately continuous:

G×C0(G)→ C0(G)
(x, f) 7→ fx
and


G× C0(G)→ C0(G)
(x, f) 7→ xf
where C0(G) has been attached to ‖.‖sup. We first show that for all x ∈ G and ϕ ∈ C0(G/h),
there are two functions ϕxH , xHϕ ∈ C0(G) with the similar properties.
Lemma 3.1. For all ϕ ∈ C0(G/H) and x ∈ G, the functions defined as follow belong to
C0(G/H):


xHϕ : G/H → C
yH 7→
∫
H ϕ(xξyH) dλH (ξ)
and


ϕxH : G/H → C
yH 7→ Rxϕ(yH) =
∫
H ϕ(yξxH) dλH(ξ)
Proof. As ϕoq ∈ C0(G) is uniformly continuous, for given ε > 0 there exists a symmetric
neighborhood U of e such that |ϕoq(y)−ϕoq(z)| < ε, where y, z ∈ G and yz−1 ∈ U or y−1z ∈ U .
Now, if y, z ∈ G with y−1z ∈ U , then for all ξ ∈ H we have (xξy)−1(xξz) = y−1z ∈ U and hence
|xHϕ(yH) − xHϕ(zH)| ≤
∫
H
|(ϕoq)(xξy) − (ϕoq)(xξz)| dλH (ξ) < ε.
If zy−1 ∈ U , then |ϕxH(yH)−ϕxH(zH)| < ε. Therefore, the mappings y 7→
∫
H ϕ(xξyH) dλH (ξ)
and y 7→
∫
H ϕ(yξxH) dλH (ξ) are continuous. This implies that the mappings
xHϕ : yH 7→
∫
H ϕ(xξyH) dλH (ξ) and ϕxH : yH 7→
∫
H ϕ(yξxH) dλH (ξ) are continuous.
Moreover, for given ε > 0, take a compact subset K of G for which |ϕ(zH)| < ε if zH /∈ q(K).
Then trivially, Hx−1K is a compact subset of G and if yH /∈ q(Hx−1K), then xξyH /∈ q(K)
and hence |ϕ(xξyH)| < ε for all ξ ∈ H. This shows that xHϕ ∈ C0(G/H). Similarly,
ϕxH ∈ C0(G/H).
Definition 3.2. For all x ∈ G define

LTxH : C0(G/H)→ C0(G/H)
ϕ 7→ xHϕ
and


RTxH : C0(G/H)→ C0(G/H)
ϕ 7→ ϕxH
For all ν ∈M(G/H) define


Sν : C0(G)→ C
f 7→
∫
G/H T∞f(xH) dν(xH)
Clearly, Sν is a bounded linear functional on C0(G) with ‖S‖ ≤ 1. Therefore, we can assign to
each ν ∈M(G/H) an element mν ∈M(G) such that
∫
G
f(x) dmν(x) =
∫
G/H
T∞f(xH) dν(xH) =
∫
G/H
∫
H
f(xξ) dλH(ξ) dν(xH) (3.1)
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for all f ∈ C0(G). We should note that if for a given ν ∈ M(G/H) we take the element
mν ∈M(G) and then return to M(G/H) by using T˜ , we obtain the same measure ν, i.e.;
T˜ (mν) = ν (ν ∈M(G/H)). (3.2)
Equation (3.2) shows that ‖ν‖ = ‖T˜ (mν)‖ ≤ ‖mν‖ ≤ ‖ν‖. Consequently,
‖ν‖ = ‖mν‖ (ν ∈M(G/H)) (3.3)
and
‖ν‖ = min{‖m‖ : m ∈M(G), ν = T˜ (m)} (ν ∈M(G/H)). (3.4)
Lemma 3.3. For a measure m ∈M(G), the following are equivalent:
(a) m = mT˜m.
(b) m = mν for some ν ∈M(G/H).
(c) m(Ah) = m(A), where A is a Borel subset of G and h ∈ H.
(d) m(fh) = m(f), where f ∈ C0(G) and h ∈ H.
Proof. (b ⇒ a) If m = mν for some ν ∈M(G/H), then T˜m = T˜ (mν) = ν and so m = mT˜m.
(a ⇒ c) For all Borel subset A of G and h ∈ H we have
m(Ah) = mT˜m(Ah)
=
∫
G
χAh(x) dmT˜m(x)
=
∫
G/H
∫
H
χAh(xξ) dλH (ξ) dT˜m(xH)
=
∫
G/H
∫
H
χA(xξ) dλH(ξ) dT˜m(xH)
= mT˜m(A)
= m(A),
(c ⇒ a) Suppose that m ∈M(G) satisfies (c). Then for all Borel subset A of G we can write
mT˜m(A) =
∫
G
χA(x) dmT˜m(x)
=
∫
G/H
∫
H
χA(xξ) dλH(ξ) dT˜m(xH)
=
∫
G
∫
H
χA(xξ) dλH (ξ) dm(xH)
=
∫
H
∫
G
χA(xξ) dm(xH) dλH (ξ)
=
∫
H
m(Aξ−1) dλH(ξ)
= m(A),
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which shows that m = mT˜m.
We denote the set of all measuresm ∈M(G/H) satisfying equivalent conditions in Lemma 3.3
by M(G : H). That is
M(G : H) = {mν : ν ∈M(G/H)}
= {m : m(Ah) = m(A), A is a Borel subset of G, h ∈ H}. (3.5)
Proposition 3.4. M(G : H) is a Banach subalgebra and also a left ideal of M(G).
Proof. It is easy to see that M(G : H) is a subspace of M(G). Now, if m ∈ M(G : H) and
n ∈M(G), then
(n ∗m)(Ah) =
∫
G
m(x−1Ah) dn(x)
=
∫
G
m(x−1A) dn(x)
= (n ∗m)(A),
where A is a Bore subset of G and h ∈ H. Hence, M(G : H) is a left ideal of M(G). Also, if
{mα}α∈I ⊆M(G : H) tends to some m ∈M(G), then for all f ∈ C0(G) and h ∈ H we have
m(fh) = lim
α
mα(fh) = lim
α
mα(f) = m(f),
which shows that m ∈M(G : H).
Equations (3.2) and (3.3) show that the restriction

M(G : H)→M(G/H)
m→ T˜m
of T˜ is an isometry isomorphism of Banach spaces. Therefore,M(G/H) has been identified with
the closed subspace M(G : H) of M(G).
It is worthwhile to mention that M(G : H) ∼= C0(G : H)
∗. In details, by considering the
canonical isomorphisms M(G) → C0(G)
∗ and M(G/H) → C0(G/H)
∗, and the isomorphism
T∞|C0(G:H) : C0(G : H)→ C0(G/H), the mapping

U :M(G : H)→ C0(G : H)
∗
mν 7→ mν |C0(G:H)
is an isometry isomorphism and the following diagram commutes:
M(G : H)
U
−−−−→ C0(G : H)
∗
y
x
M(G/H) −−−−→ C0(G/H)
∗
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Proposition 3.5. An element f ∈ L1(G) belongs to L1(G : H) if and only if λf ∈ M(G : H),
i.e.;
L1(G : H) = {f ∈ L1(G) : λf ∈M(G : H)}. (3.6)
Proof. For all f ∈ L1(G), we have∫
A
(Rhf − f)(x) dλG(x) =
∫
G
χA(x) (Rhf(x)− f(x)) dλG(x)
=
∫
G
χA(x) f(xh) dλG(x)−
∫
G
χA(x) f(x) dλG(x)
=
∫
G
χAh−1(x) f(x) dλG(x)−
∫
G
χA(x) f(x) dλG(x)
= λf (Ah
−1)− λf (A),
where h ∈ H and A is a Borel subset of G. This shows that λf ∈M(G : H) just when Rhf = f
in L1(G) for all h ∈ H.
Example 3.6. When ϕ ∈ L1(G/H) we have ϕρ = ϕoq . ρ ∈ L
1(G : H) (cf. [3]). So λϕρ must
be in M(G : H). In fact, λϕρ = mµϕ . Because,
λϕρ(g) =
∫
G
ϕρ(x) g(x) dλG(x)
=
∫
G/H
T (ϕoq ρ g)(xH) dµ(xH)
=
∫
G/H
∫
H
ϕ(xH) g(xξ) dλH (ξ) dµ(xH)
=
∫
G/H
∫
H
g(xξ) dλH (ξ) dµϕ(xH)
= mµϕ(g),
where g ∈ C0(G). Thus, by considering the canonical embeddings L
1(G) → M(G) and
L1(G/H)→M(G/H) we have the following commutative diagram:
L1(G : H)
T
−−−−→ L1(G/H)y
y
M(G : H) −−−−→
T˜
M(G/H)
4 M(G/H) as a Closed Subalgebra of M(G)
In this section, by assuming the compactness of H, we define a convolution on M(G/H) to give
it the construction of a Banach algebra. In fact, we will show that M(G : H), the Banach space
identified with M(G/H), is a subalgebra of M(G) and so the convolution of M(G : H) induces
a convolution on M(G/H). In addition, the obtained Banach algebra M(G/H) has no identity
and no involution, where H is a subgroup of G which is not normal.
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Lemma 4.1. For all ϕ ∈ C0(G/H) and ν ∈M(G/H), the functions which are defined as follow
are continuous functions vanishing at infinity:


ψ : G/H → C
yH 7→
∫
G/H ϕyH(xH) dν(xH)
and


η : G/H → C
yH 7→
∫
G/H yHϕ(xH) dν(xH)
Proof. Obviously, the mappings yH 7→ yHϕ and yH 7→ ψ(yH) are continuous. Take a compact
subset K of G for which |ϕ(yH)| < ε where yH /∈ q(K). Obviously, E = q(Hx−1K) is compact
and for all ξ ∈ H,
xξyH ∈ q(K)⇔ xξy ∈ KH ⇔ y ∈ ξ−1x−1KH ⇒ y ∈ Hx−1KH ⇔ yH ∈ q(Hx−1K) = E.
Thus, if yH /∈ E, then xξyH /∈ q(K) and so |ψ(yH)| < ε ‖ν‖. Therefore, ψ ∈ C0(G/H).
For all ν, ω ∈M(G/H), define


S : C0(G/H)→ C
ϕ→
∫
G/H
∫
G/H ϕyH(xH) dν(xH) dω(yH)
(4.1)
Then S is a bounded linear functional with ‖S‖ ≤ ‖ν‖ ‖ω‖. Since
|S(ϕ)| = |
∫
G/H
∫
G/H
∫
H
ϕ(xξyH) dλH (ξ) dν(xH) dω(yH)|
≤
∫
G/H
∫
G/H
∫
H
|ϕ(xξyH)| dλH (ξ) d|ν|(xH) d|ω|(yH)
≤ ‖ϕ‖sup ‖ν‖ ‖ω‖
for all ϕ ∈ C0(G/H). Hence, S determines an element ν ∗ ω ∈M(G/H), called the convolution
of ν and ω, such that for all ϕ ∈ C0(G/H), S(ϕ) = (ν ∗ ω)(ϕ), i.e.;
∫
G/H
ϕ(xH) d(ν ∗ ω)(xH) =
∫
G/H
∫
G/H
∫
H
ϕ(xξyH) dλH(ξ) dν(xH) dω(yH) (4.2)
=
∫
G/H
∫
G/H
ϕyH(xH) dν(xH) dω(yH)
=
∫
G/H
∫
G/H
xHϕ(yH) dν(xH) dω(yH).
We should remark that the convolution of two measures has a simpler form if one of them is
a dirac measure. In details, one may easily check that
(a) (ν ∗ δxH)(ϕ) =
∫
G/H ϕxH(yH) dν(yH),
(b) (δxH ∗ ν)(ϕ) =
∫
G/H xHϕ(yH) dν(yH),
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(c)
δxH ∗ δyH =
∫
H
δxξyH dλH(ξ) (x, y ∈ G) (4.3)
where the integral is considered as a vector-valued integral. That is
(δxH ∗ δyH)(ϕ) =
∫
H
ϕ(xξyH) dλH (ξ) = xHϕ(yH) = ϕyH(xH), (4.4)
where x, y ∈ G, ν ∈M(G/H), and ϕ ∈ C0(G/H).
As M(G : H) is a Banach algebra, the isometry isomorphism of Banach spaces
T˜ :M(G : H)→M(G/H) makes M(G/H) into a Banach algebra. The following lemma shows
that the convolution on M(G/H) is the convolution induced by the convolution on M(G : H).
Lemma 4.2. For all ν, ω ∈M(G/H),
(a) ν ∗ ω = T˜ (mν ∗ m0) where m0 ∈ M(G) satisfies T˜ (m0) = ω. Specially,
ν ∗ ω = T˜ (mν ∗mω).
(b) mν∗ω = mν ∗mω.
Proof. (a) Suppose that m0 ∈M(G) and T˜ (m0) = ω. Then for all ϕ ∈ C0(G/H) we have
T˜ (mν ∗m0)(ϕ) =
∫
G
(ϕoq)(x) d(mν ∗m0)(x)
=
∫
G
∫
G
Ry(ϕoq)(x) dmν(x) dm0(y)
=
∫
G
∫
G/H
∫
H
Ry(ϕoq)(xξ) dλH (ξ) dν(xH) dm0(y)
=
∫
G
∫
G/H
∫
H
ϕ(xξyH) dλH (ξ) dν(xH) dm0(y)
=
∫
G
∫
G/H
ϕyH(xH) dν(xH) dm0(y)
=
∫
G
ψ(yH) dm0(y),
where ψ ∈ C0(G/H) is defined by ψ(yH) =
∫
G/H ϕyH(xH) dν(xH). Therefore,
T˜ (mν ∗m0)(ϕ) =
∫
G/H
ψ(yH) d(T˜m0)(yH)
=
∫
G/H
∫
G/H
ϕyH(xH) dν(xH) dω(yH)
=
∫
G/H
ϕd(ν ∗ ω)(xH).
(b) For all f ∈ C0(G) we can write
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∫
G
f(x) dmν∗ω(x) =
∫
G/H
T∞f(xH) d(ν ∗ ω)(xH)
=
∫
G/H
∫
G/H
(T∞f)yH(xH) dν(xH) dω(yH)
=
∫
G/H
∫
G/H
∫
H
(T∞f)(xξyH) dλH(ξ) dν(xH) dω(yH)
=
∫
G/H
∫
G/H
∫
H
∫
H
f(xξyη) dη dλH(ξ) dν(xH) dω(yH)
=
∫
G/H
∫
H
( ∫
H
∫
G/H
Ryηf(xξ) dλH(ξ) dν(xH)
)
dη dω(yH)
=
∫
G
∫
H
∫
G/H
Ryf(xξ) dλH(ξ) dν(xH) dmω(y)
=
∫
G
∫
G
Ryf(x) dmν(x) dmω(y)
=
∫
G
f(x) d(mν ∗mω)(x)
Theorem 4.3. Let H be a compact subgroup of G. Then M(G/H) with the convolution defined
by (4.2) is a Banach algebra.
Proof. For all ν, ω, κ ∈M(G/H), by using Lemma 4.2, we have
(ν ∗ ω) ∗ κ = T˜ (m(ν∗ω) ∗mκ) = T˜
(
(mν ∗mω) ∗mκ
)
= T˜
(
mν ∗ (mω ∗mκ)
)
= T˜ (mν ∗mω∗κ) = ν ∗ (ω ∗ κ).
We should notice that if H is a normal subgroup of G, then G/H is a locally compact
topological group and the convolution on M(G/H) defined by (4.2) coincides with the well-
known convolution on the measure algebra of G/H. In this case, M(G/H) is a unital involutive
Banach algebra whose identity is δeH .
When H is a compact subgroup of G, the Banach algebra M(G/H) has a right identity δeH . To
show this, let ν ∈M(G/H). Then for all ϕ ∈ C0(G/H),
(ν ∗ δeH)(ϕ) =
∫
G/H
∫
G/H
∫
H
ϕ(xξyH) dλH (ξ) dν(xH) dδeH (yH)
=
∫
G/H
∫
H
ϕ(xξeH) dλH (ξ) dν(xH)
=
∫
G/H
∫
H
ϕ(xH) dλH (ξ) dν(xH)
= ν(ϕ).
The following theorem indicates that a necessary and sufficient condition to have an identity in
M(G/H) is that H is a normal subgroup.
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Proposition 4.4. In Banach algebra M(G/H), δeH satisfies δeH ∗µϕ = µϕ for all ϕ ∈ L
1(G/H)
if and only if H is a normal subgroup of G.
Proof. Suppose that H 5 G. Then there exists some x ∈ G and ξ0 ∈ H for which
ξ0xH 6= xH. By taking a function ϕ ∈ C
+
c (G/H) with ϕ(xH) = 0 and ϕ(ξ0xH) > 0, we
get a non-negative and non-zero continuous function H → C, ξ 7→ ϕ(ξxH), which implies that
eHϕ =
∫
H ϕ(ξxH) dλH (ξ) > 0. Therefore,
0 = ϕ(xH) 6= xHϕ(xH) =
∫
H
ϕ(ξxH) dλH (ξ) > 0
On the other hand, δeH ∗ µϕ = xHϕ. So δxH ∗ µϕ 6= µϕ
Proposition 4.5. When H is a compact subgroup of G, the following statements are equivalent:
(a) H is a normal subgroup of G.
(b) M(G/H) has an identity.
(c) M(G/H) has an approximate identity.
Proof. We need to prove (c) ⇒ (a). If M(G/H) has an approximate identity {να}, then for all
µ ∈M(G/H) we have
δeH ∗ µ = lim
α
(να ∗ δeH) ∗ µ
= lim
α
να ∗ µ
= µ.
This together with Proposition 4.4 imply that H must be normal.
Corollary 4.6. If H is a compact subgroup of G, then M(G/H) is amenable if and only if H
is a normal open subgroup of G and G, or equivalently G/H, is amenable.
We should mention that if A is an involutive Banach algebra with a right (left) identity, then
it has an identity. Since if e is a right identity, for all a ∈ A we have
e∗ ∗ a = (a∗ ∗ e)∗ = a
which shows that e∗ is a left identity and hence e = e∗ is the identity of A.
Corollary 4.7. There is an involution on Banach algebra M(G/H) only if H is a normal
subgroup of G.
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5 Banach Subalgebra L1(G/H) of M(G/H)
When H is a compact subgroup of G and G/H has been attached to a strongly quasi-invariant
measure µ, then for all ϕ ∈ L1(G/H), the function defined almost everywhere by
ϕρ(x) = ϕoq(xH) ρ(x) belongs to L
1(G), ϕ = Tf , and ‖ϕρ‖1 = ‖ϕ‖1.
Theorem 5.1. When G/H has been attached to a strongly quasi-invariant measure µ, L1(G/H)
is an ideal of M(G/H). More precisely, for all ϕ ∈ L1(G/H) and ν ∈M(G/H),
(ϕ ∗ ν)(xH) =
∫
G/H
∆G(y
−1)
∫
H
ϕ(xξy−1H)
ρ(xξy−1)
ρ(x)
dλH(ξ) dν(yH) (5.1)
and
(ν ∗ ϕ)(xH) =
∫
G/H
∫
H
ϕ(ξy−1xH)λ(ξy−1, xH) dλH(ξ) dν(yH) (5.2)
for µ-almost all yH ∈ G/H.
Proof. First suppose that ν, ω ∈ M(G/H) and ω ≪ µ. Then by taking ϕ ∈ L1(G/H) with
ω = µϕ, we have mν ∗ λϕρ ≪ λ and so mν ∗ λϕρ = λg for some g ∈ L
1(G).
ν ∗ ω = ν ∗ µϕ = T˜ (mν ∗ λϕρ) = T˜ (λg) = µTg ≪ µ
Also, there exists some f ∈ L1(G) such that ϕ = µTf . Obviously, mν ∗ λf ≪ λ and so
mν ∗ λf = λg for some g ∈ L
1(G). Therefore,
ν ∗ ω = ν ∗ T˜ λf = T˜ (mν ∗ λf ) = T˜ (λg) = µTg ≪ µ.
Suppose that ϕ ∈ L1(G/H) and ν ∈M(G/H). Then for all ψ ∈ C0(G/H),
(µϕ ∗ ν)(ψ) =
∫
G/H
∫
G/H
ψyH(xH)ϕ(xH) dµ(xH) dν(yH)
=
∫
G/H
〈Ryψ,ϕ〉 dν(yH)
=
∫
G/H
∆G(y
−1) 〈ψ,Ry−1ϕ〉 dν(yH)
=
∫
G/H
ψ(xH)
∫
G/H
∆G(y
−1)
∫
H
ϕ(xξy−1H)
ρ(xξy−1)
ρ(x)
dλH(ξ) dν(yH) dµ(xH)
=
∫
G/H
ψ(xH) γ(xH) dµ(xH)
= µγ(ψ),
where γ(xH) =
∫
G/H ∆G(y
−1)
∫
H ϕ(xξy
−1H) dλH(ξ) dν(xH), for µ-almost all xH ∈ G/H.
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Also,
(ν ∗ µϕ)(ψ) =
∫
G/H
∫
G/H
∫
H
ψ(xξyH) dλH(ξ) dν(xH)ϕ(yH) dµ(yH)
=
∫
G/H
∫
H
∫
G/H
ψ(yH)ϕ(ξ−1x−1yH)λ(ξ−1x−1, yH) dµ(yH) dλH (ξ) dν(xH)
=
∫
G/H
ψ(yH)
∫
G/H
∫
H
ϕ(ξx−1yH)λ(ξx−1, yH) dλH(ξ) dν(xH) dµ(yH)
=
∫
G/H
ψ(yH) ζ(yH) dµ(yH)
= µζ(ψ),
where ζ(yH) =
∫
G/H
∫
H ϕ(ξx
−1yH)λ(ξx−1, yH) dλH (ξ) dν(xH), for µ-almost all yH ∈ G/H.
By considering L1(G/H) as a subalgebra ofM(G/H), where µ is the strongly quasi-invariant
measure arising from a rho-function ρ, we may define a convolution on L1(G/H) by using the
restriction the convolution on M(G/H). It means that, for all ϕ,ψ ∈ L1(G/H), ϕ ∗ ψ is the
element of L1(G/H) for which µϕ ∗ µψ = µϕ∗ψ. The following theorem states that how we can
obtain the convolution on L1(G/H) by using the convolution on L1(G) and it also shows that
we can assume ϕ ∗ ψ as a generalized linear combination of the left translations of ψ.
Theorem 5.2. Suppose that H is a compact subgroup of G and µ is the strongly quasi-invariant
Radon measure on G/H arising from a rho-function ρ. For all ϕ,ψ ∈ L1(G/H) define ϕ ∗ ψ,
the convolution of ϕ and ψ, by
ϕ ∗ ψ =
∫
G
ϕρ(y)Lyψ dλG(y) (5.3)
= T (ϕρ ∗ ψρ) (µ− almost all xH ∈
G
H
) (5.4)
where the integrals are considered in the sense of vector-valued integrals. Then, L1(G/H) is a
Banach algebra.
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Proof. Suppose that ϕ,ψ ∈ L1(G/H). By using (5.1), for µ-almost all xH ∈ G/H we have
T (ϕρ ∗ ψρ)(xH) =
∫
H
(ϕρ ∗ ψρ)
ρ(xξ)
dλH(ξ)
=
∫
H
∫
G
ϕ(yH) ρ(y)ψ(y−1xξH) ρ(y−1xξ)
ρ(x)
dλG(y) dλH (ξ)
=
∫
G
ϕ(yH) ρ(y)
∫
H
ψ(y−1xH) ρ(y−1x)
ρ(x)
dλH(ξ) dλG(y)
=
∫
G
ϕ(yH) ρ(y)ψ(y−1xH)λ(y−1, xH) dλG(y)
=
∫
G
ϕ(yH) ρ(y)Lyψ(xH) dλG(y)
=
∫
G
ϕ(xyH) ρ(xy)Lxyψ(xH) dλG(y)
=
∫
G
ϕ(xyH) ρ(xy)λ(y−1x−1, xH)ψ(y−1H) dλG(y)
=
1
ρ(x)
∫
G
ϕ(xyH) ρ(xy) ρ(y−1)ψ(y−1H) dλG(y)
=
1
ρ(x)
∫
G
ϕ(xy−1H) ρ(xy−1) ρ(y)ψ(yH)∆G(y
−1) dλG(y)
=
1
ρ(x)
∫
G/H
∆G(y
−1)
∫
H
ϕ(xξ−1y−1H) ρ(xξ−1y−1)ψ(yξH) dλG(y) dµ(yH)
=
1
ρ(x)
∫
G/H
∆G(y
−1)
∫
H
ϕ(xξ−1y−1H) ρ(xξ−1y−1)ψ(yH) dλG(y) dµ(yH)
=
1
ρ(x)
∫
G/H
∆G(y
−1)
∫
H
ϕ(xξ−1y−1H) ρ(xξ−1y−1) dλG(y) dµψ(yH)
= (ϕ ∗ µψ)(xH)
= (ϕ ∗ ψ)(xH),
for µ-almost all xH ∈ G/H. The above equations show that
ϕ ∗ ψ(xH) =
∫
G
ϕ(yH) ρ(y)Lyψ(xH) dλG(y)
=
∫
G
ϕρ(y)Lyψ(xH) dλG(y)
= T (ϕρ ∗ ψρ)
for µ-almost all xH ∈ G/H.
In other words, L1(G : H) is a left ideal and a closed subalgebra of L1(G).
Theorem 5.3. Let H be a compact subgroup of G and G/H have been attached to a strongly
quasi-invariant measure µ. Then
(a) L1(G/H) = {ν ∈M(G/H) : xH 7→ |ν| ∗ δxH is weakly continuous}
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(b) L1(G/H) ⊆ {ν ∈M(G/H) : xH 7→ δxH ∗ |ν| is weakly continuous}
Proof. First, suppose that dν(xH) = ϕ(xH) dµ(xH) for some ϕ ∈ L1(G/H). Then for all
x, y ∈ G and ψ ∈ C0(G/H),
|(|ν| ∗ δxH)(ψ) − |ν| ∗ δyH)(ψ)| = |
∫
G/H
ψxH(zH)− ψyH(zH) d|ν|(zH)|
≤
∫
G/H
|Rxψ(zH) −Ryψ(zH)| |ϕ(zH) dµ(zH)|
≤ ‖Rxψ −Ryψ‖sup ‖ϕ‖1.
Since ψ ∈ C0(G/H) ⊆ RUC(G/H), ‖Rxψ − Ryψ‖sup → 0 as x → y. Thus,
|(|ν| ∗ δxH)(ψ) − |ν| ∗ δyH)(ψ)| → 0 as x→ y. Similarly, ψ is left uniformly continuous and
|(δxH ∗ |ν|)(ψ) − δyH ∗ |ν|)(ψ)| = |
∫
G/H
xHψ(zH)− yHψ(zH) d|ν|(zH)|
≤
∫
G/H
|Lxψ(zH) − Lyψ(zH)| |ϕ(zH) dµ(zH)|
≤ ‖Lxψ − Lyψ‖sup ‖ϕ‖1
−→ 0
as x→ y.
Now, let ν ∈M(G/H) be such that xH 7→ |ν| ∗ δxH is weakly continuous. Since L
1(G/H) is an
ideal of M(G/H), when ϕ ∈ L1(G/H), |ν| ∗ µϕ ∈ L
1(G/H). In other words, |ν| ∗ µϕ ≪ µ. To
show that ν ≪ µ, assume that E ∈ B(G/H) is null with respect to µ. By taking a neighborhood
U of e with compact closure and ϕ = χq(U), we can write
0 = (|ν| ∗ µϕ)(E) =
∫
G/H
∫
G/H
(χE)yH(xH)ϕ(yH), d|ν|(xH) dµ(yH)
=
∫
q(U)
∫
G/H
(χE)yH(xH) d|ν|(xH) dµ(yH)
=
∫
q(U)
(|ν| ∗ δyH)(χE) dµ(yH).
Since, yH 7→ (|ν| ∗ δyH)(χE) is a non-negative and continuous function, we deduce that
(|ν| ∗ δyH)(χE) = 0 (yH ∈ q(U)).
In particular, by taking yH = eH we get |ν|(E) = 0 and so ν(E) = 0.
Theorem 5.4. L1(G/H) has a left approximate identity if and only if H is a normal subgroup
of G.
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Proof. Let {ηα}α∈I be a left approximate identity for L
1(G/H). Then for all ϕ ∈ L1(G/H) we
have ηα ∗ ϕ −→ ϕ and so µηα ∗ µϕ −→ µϕ. Therefore,
µϕ = lim
α
µηα ∗ µϕ = limα
(µηα ∗ δeH) ∗ µϕ = limα
µηα ∗ (δeH ∗ µϕ) = δeH ∗ µϕ
where ϕ ∈ L1(G/H), and hence H must be normal in G.
If A is an involutive Banach algebra with a right approximate identity {eα}α∈I , then it has
a left approximate identity. Since, for all a ∈ A we have lim e∗α ∗ a = (lim a
∗ ∗ eα)
∗ = a∗∗ = a.
Corollary 5.5. There is an involution on Banach algebra L1(G/H) only if H is a normal
subgroup of G.
Corollary 5.6. If H is a compact subgroup of G and G/H has been attached to a strongly
quasi-invariant measure, then L1(G/H) is amenable if and only if H is a normal subgroup of G
and G, or equivalently G/H, is amenable.
Corollary 5.7. Let H be a compact subgroup of G and G/H have been attached to a strongly
quasi-invariant measure µ. Then L1(G/H) = {ν ∈M(G/H) : xH 7→ δxH∗|ν| is weakly continuous}
just when H is a normal subgroup of G.
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